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Abstract. In this note, we study deformations of a non-uniform real 
hyperbolic lattice in quaternionic hyperbolic spaces. Specially we show 
that the representations of the fundamental group of the figure eight 
knot complement into PU(2, 1), cannot be deformed in PSp(2, 1) out of 
PU(2, 1) up to conjugacy. 

1. Introduction 

In 1960's, A. Weil [15] proved a local rigidity of a uniform lattice T C G 
inside G, i.e., he showed that -ff 1 (r,g) = for any semisimple Lie group G 
not locally isomorphic to SL(2,M). This result implies that the canonical 
inclusion map i : T G is locally rigid up to conjugacy. In other words, for 
any local deformation pt :T — )• G such that po = i, there exists a continuous 
family g t € G such that p t = gtPog^ 1 ■ Weil's idea is further explored by 
many others but notably by Raghunathan [T2] and Matsushima-Murakami 
|10j . Much later Goldman and Millson [3] considered the embedding of a 
uniform lattice T of SU (n,l) 

T SU(n, 1) SU(m, 1), m > n 

and proved that there is still a local rigidity inside SU(m, 1) even if one en- 
larges the target group. More recently further examples of the local rigidity 
of a complex hyperbolic lattice in quaternionic Kahler manifolds are found 
in [5] 

T ^ SU(n, 1) C Sp(n, 1) C SU{2n, 2) C SO{4n, 4). 

But all these examples deal with the standard inclusion map T G' to 
use the Weil's original idea about L 2 -group cohomology. It has not been 
much studied yet when p : V — > G' is an arbitrary representation which is 
not an inclusion. In this note, we study deformations of a non-inclusion 
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representation p$ of a non-uniform lattice T of PSL(2, C) in semisimple Lie 
groups PU(2, 1) and PSp(2, 1) 

r Pt/(2,1) C PSp(2,l). 

This is a sequel to the previous paper [6] where the deformation of the 
standard inclusion T •— > 50(3, 1) C 50(4, 1) Sp(n, 1) is studied but tech- 
niques are quite different. In [6], we used the group cohomology to prove the 
local rigidity following the path of |15} [T2] . Here we use explicit coordinates 
and matrix calculations to prove a kind of a local rigidity, namely represen- 
tations into PU (2,1) cannot be deformed into PSp(2, 1) nontrivially. We 
calculate the dimension of a representation variety of the fundamental group 
of the figure eight knot complement in complex and quaternionic hyperbolic 
2-plane using Thurston's idea. 

In [3], Falbel constructed a special Zariski dense discrete representation po 
in PU(2, 1) with purely parabolic holonomy for a peripheral group. If g±,g2 
are generators of the fundamental group of the figure eight knot complement, 
their images in SU(2, 1) 



G^ 



-1 



1 



and 



Note that this representation 



1 

a > - i i 

2 1 

give such a special representation in PU(2, 1). 
is not faithful. 

More precisely we prove: 

Theorem 1.1. Let M be a figure eight knot complement which can be made 
up of two ideal tetrahedra in the quaternionic hyperbolic plane glued up 
along faces properly. For the space of representations p : n\(M) — > PSp(2, 1) 
which do not stabilize a quaternionic line, the representation variety in 
PSp(2, 1) around a discrete representation po, is of real 3 dimension up 
to conjugacy. The representation variety into PU (2,1) around po is of di- 
mension 3 up to conjugacy as well. The variety around the conjugacy class 
[po] is parameterized by the three angular invariants of faces of one ideal 
tetrahedron. 

As a corollary we obtain 

Corollary 1.2. Any representation from the fundamental group of the figure 
eight knot complement into PU(2, 1) near the discrete representation po, 
cannot be deformed in PSp(2,l) out of PU (2,1) up to conjugacy. 

Acknowledgements The author thanks an anonymous referee for cor- 
recting some errors of the first version of the paper and constructive sugges- 
tions. 
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2. Preliminaries 

2.1. Different models of hyperbolic space. The set EI of quaternions 
are {x = x\ + 1x2 + jx% + kx\\X{ G M} with the multiplication law ij = 
k, jk = i, i 2 = j 2 = k 2 = — 1. We set ^sx = 1x2 + jx$ + kx^ and x = 
x\ — 1x2 — JX3 — kx4.. We call x pure imaginary if x = — x. Quaternion 
number is a non-commutative division ring and by the abuse of notations, 
we will set x _1 = ^ to be the multiplicative inverse of x. Up to section [3l 
multiplication by quaternions on HP is on the left and matrices act on the 
right. Let Jo be 

"0 1" 

I n -i . 
10 

Define (Z,W) = ZJ W* where Z = (z u --- ,z n+1 ) G H n+1 . Then A G 
Sp(n, 1) if 

A J A* = J . 

Hence 

A' 1 = J A*J . 

One can define projective models, called Siegel domains, of the hyper- 
bolic spaces Hf, F = C, EI as the set of negative lines in the Hermitian vector 
space F"' 1 , with Hermitian structure given by the indefinite (re, l)-form 

(Z,W) = ZJ W*. 

Namely H$ is the left projectivization PU_ of the set 

V- = {Z G F"' 1 : (Z,Z) < 0}. 

The boundary of the Siegel domain consists of projectivized zero vectors 

V = {Z G F n>1 - {0} : (Z, Z) = 0} 

together with a distinguished point at infinity 00. The finite points in the 
boundary carry the structure of the generalized Heisenberg group F™ -1 x QF 
with the group law 

(Z, t)(W, s) = (Z + W, t + s - 23?((Z, W))) 

where ((Z,W)) = ZW* = Yl z %^i is the standard positive definite Her- 
mitian form on F n_1 . Motivated by this one can define horospherical 
coordinates for Hf 

{(*,*, u) G F™- 1 x9Fx R + }. 

From now on we will take n = 2 so that we will deal with only two 
dimensional hyperbolic spaces. A coordinate change ij) from Heisenberg 
coordinates (z,t),z G F, t G 9F to the boundary of Siegel domain is 

— \z\ 2 A-t 

(i) (^L±Ui) 
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with one extra equation 

= (1,0,0). 

If U G Sp(l),fi G Sp(l),r G M + , the action fixing and oo is given by 
(z,t) — > (rfi~ 1 z[iU,r 2 [i~ 1 t/jL). 
Sec [8, 9j. In matrix form acting on the right 




/it/ 
0^ 



So the hyperbolic isometry fixing oo and is determined by /j,,u = fill € 
Sp(l) and r G K + , so it is 7 dimensional. For complex hyperbolic space H^, 
H = 1 and U G 17(1). 

Lemma 2.1. 27ie sei o/ isometries fixing three points on the ideal boundary 
of Hvu, which do not lie on the quaternionic line, is one dimensional whereas 
it is unique in H^. 

Proof: We may assume that three points are 

oo, 0, (1, it) 

up to the action of Sp(2, 1). If H^u^ fixes (I, it), then U = 1, r = 1 and 
[i^ x itfi = it. It is easy to show that /x = e td , showing that \i has one degree 
of freedom. ■ 

The Heisenberg group acts by right multiplication: 
T (Zjt) ((,v) = (z + (,t + v-2%(z). 
In matrix form acting on H 2 ' 1 on the right 



T, 



CM) 



1 





0" 


—z 


1 





z\ 2 +t 
2 


z 


1. 



Then a hyperbolic isometry fixing oo and (z, t) is 



T, 



(-z-t) ° H ^ U: r o.t( Z)t ) 



rfi 

rzfj, — vz 

-fi + zvz + 







-ZV+^Z 



2 p t ,&f *. -r - 2 

where u = fj,U G Sp(l). This group is also 7 dimensional determined by 
fi,v £ Sp(l),r G R + . We call T( 2 t ) a pure parabolic whereas i7, 
ellipto-parabolic if it fixes a unique point at infinity. 



in,U,l) ° T^ t ) 



Lemma 2.2. Two pure parabolic elements T( z ,t) , TL, jS ) commute if wz is 
real, i.e. w = rz for some real r. 

Proof: A direct calculation shows that two elements commute iff wz = zw, 
which implies that wz is real. ■ 
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There is one more isometry interchanging oo and whose matrix form is 

^0 1 

10 

1 

and in Heisenberg coordinates 

2 

I(z,t) = (- . _ z,4- 



izi 2 + r' |z| 4 + |t| 2; ' 

A reflection with respect to in fl^ is an isometry. In Heisenberg coordi- 
nates, it is 

(z,t) -> (z,t). 

So 

(Z '' M( N^ Z "'N T W ) 

is an isometry interchanging oo and 0. Composing with (z, t) — > {r^zU \i ~ ,r 2 fitfi , ) 
we get 

R{z,t) = (rfi 2 zv,r 2 fi ^ ■ ,, 2 Z^ -1 ) , 
where r G M + , /i, G %>(1)- 

2.2. Angular invariant. To define angular invariant we introduce the unit 
ball model {Z G F n : \ \Z\\ < 1} to make it compatible with existing liter- 
atures where F n is equipped with the standard positive definite Hermitian 
form. Two points (0',— 1) and (0 ; , 1) will play a special role. There is a 
natural map from a unit ball model to P(F n>1 ) where F" - ' 1 is equipped with 
a standard (n, 1) Hermitian product 

(z, w) = ziwx H h z n w n - z n+ iw n+1 , 

defined as 

(w',w n ) -> {w',w n , 1). 

From unit ball model to the horospherical model, one defines the coordinates 
change as 

z' 2°vz 1 — \z I 2 — Iz'l 2 
1 + z n ' |1 + z„| 2 ' |1 + z„| 2 
Its inverse from the horospherical model to PF" - ' 1 is given by 

P) K,v,.) = t«, 1 ~ ^'V " + 1 + w ' 3 + " "" a- 

where v is pure imaginary, i.e., iv in complex case, and ivi + jv2 + kv% in 
quaternionic case. Note this coordinate change is different from ([TJ since we 
used a different Hermitian product. According to this coordinate change, 
(0 ; , 1) = [(0', 1, 1)] corresponds to the identity element (0',0) in Heisenberg 
group, (0', -1) = [(0', -1, 1)] to oo, and (0', 0) to (0, 0, 1). 
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Definition 2.3. The complex Cartan angular invariant A(xi,X2,x 3 ) of the 
ordered triples (x\, X2, x 3 ) in dH^ is introduced by Cartan pQ and defined to 
be the argument between — ^ and ^ of the Hermitian triple product 

-(xi,x 2 ,x 3 ) = -{xi,X 2 )(X2,X3)(x 3 ,Xx) G C 

where Xi is a lift of X{ to C n>1 . It can be obtained by, up to constant, inte- 
grating the Kahler from on H£ over the geodesic triangle spanned by three 
points [2\, hence it is a bounded cocyle. It satisfies the cocycle relation: for 
(xi,X2,x 3 ,Xi) G dH^ 

(3) A(xi,x 2 ,x 3 ) + A(xi, x 3 , x 4 ) = A(xi, x 2 , x 4 ) + A(x 2 , x 3 , x 4 ). 

The quaternionic Cartan angular invariant of a triple x, < Ae(x) < 
7r/2, is the angle between the first coordinate line Mei = (M, 0,0,0) C M. 
and the Hermitian triple product 

(x~i,x~2,x 3 ) = (xi,x 2 )(x 2 ,X3){x 3 ,xi) G H, 

where we identify H and M . 

Note that the invariant is unchanged under the homothety by nonzero 
real numbers, i.e., the triples x and rx have the same angular invariant. 

Proposition 2.4. ( pT],[7]). Let x = (x\,x 2 ,x 3 ) and y = (yi,y 2 ,y 3 ) be 
pairs of distinct triples of points in Hg. Then Ae(x) = Ae(y) if and only if 
there is an isometry f G PSp(n, 1) such that f{x{) = y. L for i = 1, 2, 3. 

Proof: Applying a homothety by nonzero real number, we may assume that 
our triples have Hermitian products X = (xi,x~2,x 3 ) and Y = {yi,y 2 ,y 3 ) 
with \X\ = \Y\. 

Now let us assume that Ah(x) = Ae(y). This and \X\ = \Y\ imply 
that there is an orthogonal transformation M G SO (3) x {id} acting on 
H = M 4 that leaves invariant the real axis in H and maps X to Y. Since the 
conjugation action of Sp(l) in EI is SO(3) action, there is [i G Sp(l) such 
that 

(xi,x 2 ,x 3 ) = ii{y~\,y 2 , y 3 )p, . 
To finish the proof it is enough to choose lifts x~i and y~i of points xi and yi , 
i = 1,2, 3, so that (x~i,x~j) = {yi,y~j)- Indeed, then there is A G Sp(n, 1) such 
that A(£i) = y~i, i = 1,2,3. Then it descends to an element / G PSp(n, 1) 
such that f(xi) = yi for i = 1, 2, 3. 

To obtain those lifts, we first replace y\ by \xy~\ (still denote it by y~\) 
and get (x 1 ,x 2 )(x 2 ,x 3 )(x 3 ,xi) = (yi, y 2 ) (2/2,2/3) {V3, Vl)- Replacing x 2 and 
%3 by [i2%2 and //3X3 if necessary, we can make (x~2,x 3 ) = {y~2-,yz) and 
(x 3 ,x~i) = (2/3,2/1). Now the equation becomes 

(xi,x2)(x2,x 3 )(x 3 ,x 1 ) = \v2\ 2 \v3\ 2 (yi,y2){y2,m}{y3,m) , 

and we get (x~i,x~2) = r(yi,y~2) where r = | >l*2 1 1 A*3 1 - Then replacing x~\, 
x~2, x 3 and y~\ by r £\, r~ l x~2, rx 3 and r 2 y~\ respectively, we finally get 
(x~i,x~j) = {y~i,yj), and hence a desired / G PSp(n, 1). 

The converse is trivial. ■ 
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Theorem 2.5. For distinct points xi,X2,X3 E 9H^, let o\2 and £12 6e 

rea/ and quaternionic geodesies containing the two points x\ and xi, and 
II:.HJJ —> S12 be the orthogonal projection. Then 

I tan An (x) I = sinh(d(nx 3 , cr 12 )) 

where d is the hyperbolic distance in HM. 

Proof: Up to an isometry (in the unit ball model of -ff§), we may assume 
that the triple x consists of x\ = (0, —1), X2 = (0, 1), X3 = (z' , z n ), whose 
lifts are x\ = (0,-1,1), £2 = (0, 1,1), £3 = (z',z n ,l). In this setting a 12 = 
{(0,i) :t € K, \t\ < l},Si2 = {(0,2) :s € H, \z\ < 1}, and (sci,sc 2 , £3) = 
2(z n — 1)(1 + z^. So we get 

■ I |2Im(*n)| 

tan A H (a;) = - , — w . 

1 l-\z n \ z 

On the other hand, we note that II(x3) = z n and £12 has the Poincare 
ball model geometry of with sectional curvature —1. Choose a hyper- 
bolic two plane in £12 that contains the geodesic o\i and z n . This plane is a 
Poincare disk with curvature —1, where we can write z n = Re z n + i\ Im z n \. 
Let d be the hyperbolic distance between the point z n and the real axis 
in that Poincare disk. Then a direct calculation shows that sinh(d) = 
|2Im(z n )|/(l-|z n | 2 ). ■ 



3. Q-STRUCTURE 

After the complete hyperbolic structure on the figure eight knot com- 
plement was first given in [13], W. Thurston describes a complete, finite 
volume hyperbolic structure on the complement of the figure eight knot in 
the 3-sphere in |14| by gluing two tetrahedra. Then, he shows how to de- 
form it to non-complete structures. All these structures have holonomies, 
which are homomorphisms of the fundamental group V of the figure eight 
knot complement (a 2 generators and 1 relator group) to SO(3, 1)°. In fact, 
the character variety x(T, 50(3, 1)°) = Harn(r, 50(3, l) )/5O(3, 1)° is 
a smooth 1-dimensional complex manifold near the conjugacy class of the 
holonomy of the complete hyperbolic structure. 

Let p = r — > PSp(2, 1) be the holonomy of the complete hyperbolic 
structure, followed by the embedding 50(3, 1)° -»• 50(4, 1)° = PSp(l, 1) -»• 
PSp(2,l). In [6j, it is shown that any parabolicity-preserving local defor- 
mation around p preserves a quaternionic line again. It is conjectured that 
any deformation around po preserves a quaternionic line. 

In this note, we prove that the component, containing po (introduced 
in section Q]) with purely parabolic holonomy for a peripheral group, of 
the space of representations, which do not stabilize a quaternionic line, of 
the fundamental group of the figure eight knot complement in PSp(2, 1) is 
actually conjugate into PU(2, 1). 
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3.1. The figure eight knot complement. Consider the following com- 
plex. Glue together two tetrahedra by identifying faces pairwise according 
to the pattern indicated in Figure 1. 

The resulting complex has two 3-cells, four faces, two edges and one ver- 
tex. According to W. Thurston, the complement of the vertex is homeomor- 
phic to the complement M of the figure eight knot in the 3-sphere. Identify 
the two 3-cells of M with regular ideal tetrahedra in (compactified) H^. 
This defines a hyperbolic structure on M, and therefore a homomorphism 
po : r = tvi(M) — > SO(3, 1)°. Here is how W. Thurston deforms it. Up to 
isometry, an ideal tetrahedron in is characterized by one complex num- 
ber. Identifying the 3-cells of M with arbitrary ideal hyperbolic tetrahedra 
defines a hyperbolic structure on the complement of the 2 skeleton, depend- 
ing on two complex parameters. One has to make sure that the gluing maps 
are isometries which extend the hyperbolic structure across the faces. In 
order for the hyperbolic structure to extend across the two edges, two alge- 
braic equations must be satisfied, but one of them turns out to follow from 
the other as we can see from Lemma 13.41 As a consequence, one obtains a 
(complex) one parameter family of hyperbolic structures on M. 

We adapt this construction to obtain homomorphisms T — > PSp(2,l). 
For this, we first classify ideal tetrahedra in H^, then introduce the relevant 
geometric structure, baptised Q-structure, and describe the compatibility 
equations along edges. 

3.2. Ideal triangles and tetrahedra in H^. The group PSp(2, 1) is not 
transitive on triples of points of dH™. By Proposition [H a pair of triples 
are mapped to each other by an isometry iff they have the same angular 
invariant. By Theorem 12.51 the angular invariant of a triple vanishes if and 
only if all points sit in a (compactified) totally real totally geodesic plane. It 
takes value ir/2 if and only if all points sit in a (compactified) quaternionic 
line. 

If three ideal points x%, X2 and 23 S dH^ do not belong to a quaternionic 
line, the set of isometries that fix them is one dimensional by Lemma 12.11 
It follows that if two triangles have equal angular invariants different from 
7r/2, there is a one dimensional family of isometries that sends one to the 
other. Since the boundary of is 7-dimensional, for each c G [0, vr/2), the 
space of ideal tetrahedra (x\, . . . , 24) with A^(xi, X2, xs) = c up to isometry 
has dimension 6. It follows that ideal tetrahedra up to isometry depend on 
7 parameters. 

Definition 3.1. Let A = {x±,--- , x^}, k > 3, be a disjoint collection of 
ideal points on the ideal boundary of a rank one symmetric space X . The 
geometric center of A in X is the barycenter of the associated measure 5a = 
Sxi ■ In more details, let 
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be a function defined on X where B Q is the Busemann function normalized 
that B (o,£) = 0. Then it is strictly convex and its value goes to oo as x 
tends to dX. The barycenter xq of 5a can be written as 

dF (xo) (.)= [ (dB ) M (-)d5 A (O = 0. 

JdX 

Let A denote a fixed regular ideal tetrahedron in iJ™, let A C A be the 
complement of the 1-skeleton. Given an ideal tetrahedron (i.e. 4 distinct 
points at infinity (x±, . . . , £4)) in E&, the straight singular simplex span- 
ning them is the continuous map of A to iT™ defined as follows. For each 
face (si,Sj,Sk) of A, map the barycenter s^k of (si,Sj,Sk) in to the 
geometric barycenter Xijk of (xi,Xj,Xk) in H^. Map the orthogonal pro- 
jection of s^k to the edge [sijSfc] to the orthogonal projection of x^k to 
the geodesic [xj,Xj] defined by Xi and Xj, extend to an isometric map of 
edge [si, sjfc] onto geodesic [xi,Xj]. Then map each geodesic segment join- 
ing s^k to [si, Sj] to a constant speed geodesic segment joining x^k to the 
corresponding point Finally, map each geodesic segment joining the 

barycenter of (s\, . . . , S4) to a point on a face to a constant speed geodesic 
segment from the barycenter of (xi, . . . , X4) to the corresponding point in 
the previously defined parametrizations of faces. The obtained map being 
in general discontinuous along edges, but let us ignore edges. 

3.3. Q-structures. 

Definition 3.2. Let M be a manifold. A Q-structure on M is an atlas of 
charts (fij = Uj — > which are continuous maps from open sets of M to 
-f/jfl, such that on Uj CiUk, (f>k = ipjk 4>j f or some unique ipjk £ Sp(2, 1). 

Pick a pair of ideal tetrahedra whose faces have pairwise equal angular 
invariants, all different from tt/2. Map the 3-cells of the figure eight knot 
complement M to using the straight singular simplices spanning chosen 
ideal tetrahedra. This defines a Q-structure on M with 2-skeleton deleted. 

The Q-structure extends across faces. Indeed, each face (zj, Xj,Xk) of 
tetrahedron T is isometric to a unique face (yi' ,Vj> ,Vk') of tetrahedron T' . 
Let ip £ Sp(2, 1) be the unique isometry which maps one face to the other. 
Then the straight singular simplices spanning T and ip~ l {T') take the same 
values along the common face, and so form a chart defined in a neighborhood 
of that face. The elements of Sp(2, 1) realizing the change of charts with 
the previously defined two charts are identity and tp respectively. 

The (J-structure extends across an edge [sj, Sj] if and only if its holonomy, 
an element of Sp(2, 1), around that edge, equals the identity. Let us compute 
holonomy based at a point of T. A priori, we know that holonomy maps 
the image geodesic [xi,Xj] to itself. As in section [21 stabilizer of [ X <i ■ X j j IS 
R x Sp(l)Sp(l). Therefore, vanishing of holonomy amounts to 7 equations. 
Since there are two edges, we get 14 equations. But we expect equations 
provided by the two edges to be dependent, as it happens in SO (3, 1). 
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Figure 1. Gluing pattern of figure eight knot complement 



Proposition 3.3. Two holonomies around two edges in the complement 
of figure eight knot complement obtained by gluing two ideal tetrahedra are 
9l 1 9392 1 9X93 1 and 92 1 9392gi 1 where g\ , g 2 , 53 are elements in Sp(2, 1) ap- 
pearing in gluing pattern. One can permute the order of elements appearing 
in the products of g\ , <?2 > 93 ■ 



Proof: By the gluing pattern, we obtain two pictures around two edges 
and the proof follows. See Figure 1. ■ 

Lemma 3.4. If the holonomies around two edges multiply to be a pure 
parabolic element fixing a common point of two edges, which is automatically 
satisfied if the holonomies around edges are trivial, then one holonomy is 
determined by the other. 

Proof: Two tetrahedra glue up together to produce two edges P1P2 and 
Pi92- Once we fix two tetrahedra, two holonomy H\ and H2 around P1P2 
and p\q2 are hyperbolic isometries stabilizing them. But since two edges 
share 00, product H1H2 should fix 00. Now put a restriction that H1H2 is 
a pure parabolic isometry. Then 



#1 



qa 0' 

0/3 

.° f. 
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and 



Ho 



-M 3 



rfi 
rzfi — vz 

-fl + zvz + 



jJL ~\z\ 2 +t 





V 

-zv + ^z 



where q,r G R + , a, f3, fi, v G 5*p(l). Then since H1H2 is a pure parabolic 
element fixing 00, 

1 01 



H1H2 



■ (w,s) 



1 

-\w\ 2 +s 1 
— W 1 



-W 
|2_ 



for some (w, s). From this equation we obtain 



qrafi = 1, /3v = 1, 



1. 



qr 



So r 



-, v 



jj. This shows that H2 is completely determined by 



Corollary 3.5. The dimension of the space of real hyperbolic structures 
near the complete one on the figure eight knot complement is 2. 

Proof: An ideal tetrahedron in a quaternionic line (which is isometric to 
H^) is determined by one complex variable. So two tetrahedra have two 
complex parameters. A holonomy around an edge belongs to the stabilizer 
of a geodesic, in our notation, H^j, r so that fj, G U(l) C Sp(l). So two 
holonomies around edges fix 00 in common, so its product is naturally a 
parabolic element. Then by Lemma f3.4[ one holonomy determines the other. 
Hence there are two complex parameters with one complex equation and the 
solution space is of one complex dimension. ■ 

First we calculate the dimension of the representation variety near po i n 
PU(2,1). 

Proposition 3.6. The dimension of the component of the representation 
variety containing po from the fundamental group of the figure 8 knot com- 
plement to PU(2, 1) is 3 up to conjugacy. 

Proof: We claim that to choose an ideal tetrahedron there is 4 degrees of 
freedom. Choosing three points up to the action of PU(2, 1) is one degree of 
freedom corresponding to the Cartan angular invariant. Once three points 
are fixed, there are 3 degrees of freedom for the last vertex since the boundary 
of is three dimensional. Hence there are total 4 degrees of freedom to 
determine an ideal tetrahedron. To determine the second one, we claim that 
there is only one degree of freedom. By gluing pattern, three vertices of the 
second tetrahedron is determined according to the angular invariant. The 
last vertex of the second tetrahedron is connected to these three vertices 
to form 3 faces whose angular invariants are pre-determined by the gluing 
pattern. Since one angular invariant is determined if the other three are 
known in a tetrahedron by cocycle relation ([3]) , two more angular invariants 
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will determine all the angular invariant. Since the last vertex can move 
around 3-dimensional space 3Hq with pre-determined two angular invariants 
there is only 3 — 2 degree of freedom to choose the second tetrahedron. So 
there are total 4+1 degrees of freedom to choose two tetrahedra to glue them 
according to the pattern. Then 5 points of two tetrahedra can be written as 

pi = oo,p 2 = 0,qi = 92 = (z,s),q 3 = (w,r) 

where z,w £ C,t,s,r G 3?C A coordinate change from horospherical coor- 
dinates (z,t),z eC,te3C to C 2 ' 1 is 

Then 

Pl = (1,0,0), P2 = (0,0,1), ft = (Zl±l I,!),,,, = { ~\ z \ 2 + a , z ,l), 



,-\w\ 2 +r 
Q3 = ( g ,w > >■ 

As above since there are 5 parameters, there is only one degree of freedom 
for (w,r). This can be easily seen as follows. Note that the isometries in 
PU(2,1) 

91 ■ (<72,<7l,Pl) ->• (?3,jP2,Pl) 

92 : (P2,9l,92) -> (Pl,92,93) 

53 : (9l,P2,Pl) fe,P2,93) 
are all uniquely determined by their angular invariants. Hence g\ gives rise 
to one real equation in t, z, s, w, r which can be derived from the angular 
invariant of the faces (q2,Qi, Pi) and (93,^2, Pi)- Indeed one can do explicit 
calculations. Using the coordinate change formula in (J2J), 

Pl = (0, -1, l),p 2 = (0, 1, 1), Ql = (1, t, 

1 — \z\ 2 + s l + |z| 2 — s 1 — \w\ 2 +r 1 + \w\ 2 — r 
12 = {z, , ),q 3 = {W, , ) 

in C 2 ' 1 with the standard (2, 1) Hermitian form (Z, W) = z\W\ + Z2W2 — z 3 w 3 
so that 

\z-l\ 2 - s- z + z + t 
-(Q2,qi)(qi,Pi)(pi,q2) = 

-(q3,P2){p2,Pi)(pi,q3) = \w\ 2 - r. 
From A(q 2 ,qi,pi) = A(q 3 ,p 2 ,Pi), we get 
/.\ r s + z — z — t 

( 4 ) ri2 = —\ — TJ2~- 

\w\ z \z — 1| 

If A is a matrix representing g±, since A S U(2, 1), 

AJ A* = J . 
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From the fact that g± fixes p\ and sends q\ to P2, it is easy to show that A 
is of the form 

a 

a b 

a(-l-t)/2 -6 a -1 
where |6| = 1. The fact that g\ sends 02 to 03 implies that 

w = bza — ba = (z — l)ba. 



\w\ + r 



\z\ 2 \a\ 2 + slal 2 



2 2 
— \z — l\ 2 \a\ 2 + s\a\ 2 + z\a\ 2 



+ z\ar + 



\a\ 2 -t\a\ 2 



z\a\ 2 — t\a\ 2 



From the first equation we have a 
into the second equation gives 



bw 
2-1 



so a 



M 



\z-l\ 



W. Substituting this 



\w\ 



\ w \ 2 + (s + z-z-t)^ I 



2 2 
But this equation is just the angular invariant identity 

The same is true for gi- The equation coming from g% follows from the 
equations from g\ and 02 since three angular invariants determine the rest in 
a tetrahedron. In conclusion, out of 7 parameters t, s, r, z, w, there are two 
angular invariant equations, which makes 5 dimensional space as expected. 

Now we consider holonomy relations. Since there is a unique element 
sending three points to other three points in general position according to the 
angular invariant, gi,g2,93 are uniquely determined in terms of t, z, s,w,r. 
Then the holonomy gjf 1 535^ 1 5i5^ 1 £ SU(2, 1) around the edge connecting 
00 and is of the form 

~qa 

0/3 
a/q 

where a is a unit complex number and j3 = oT l . Now qa is a function in 
t, z, s, w, r. To get a representation one should have 

(5) qa = f(t, z, s, w, r) + g(t, z, s, w, r)i = 1. 

Since qa = f(t, z, s, w, r) + g(t, z, s, w, r)i is a complex number, it adds two 
more real equations. So there are 5 parameters with 2 equations, which gives 
at most 3 dimensional solution space. Since the other holonomy equation 
for the second edge follows from the first by Lemma 13.41 the solution space 
is 3 dimensional. 



Next we deal with ^5^(2,1). Here we would like to show that there is 
no deformation of representations from the fundamental group of the figure 
eight knot complement into PU (2,1), to the ones into PSp(2, 1) out of 
PU(2, 1) up to conjugacy. We do this by calculating the dimension of the 
variety of representations near po in PSp(2, 1) is also 3. 
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First we begin with a lemma. 

Lemma 3.7. Let pi,P2 '■ T SU(2, 1) be two non- conjugate Zariski dense 
representations. Then they are not conjugate even in Sp(2,l). 

Proof: Let pi(a) = A\,p\(fS) = A2 and p2(a) = Bi,p 2 (/3) = B2 for the 
generators a and (3 of the fundamental group of the figure eight knot com- 
plement such that Ai,Bi G SU (2,1). Suppose p\ and p 2 are conjugate in 
Sp(2, 1), i.e., there exist X, Y £ Sp(2, 1) such that 

XAiX~ l = Bi, XA2X- 1 = B 2 

where X = X\ + X 2 j, X~ 1 = X3 + X 4 j and X\ , X2 , X% , X± are 3x3 complex 
matrices. From XX -1 = I there is a relation 

X\X% — X2X4 = I, X1X4 + = 0. 

Also conjugation relation gives 

(6) XxAiXs - X 2 A 1 X 4 = Bx, X l A l X 4 + X 2 A 1 X 3 = 0, 

(7) X Y A 2 X Z - X 2 A 2 X A = B 2 , X X A 2 X± + X 2 A 2 X 3 = 0. 

Since p\ and P2 are not conjugate in SU(2, 1), X2 7^ 0. 
lfX 1 = 0,X = X 2 j, X 2 G SU(2, 1). But 

X 2 jA i (X 2 j)- 1 = X 2 jA i (-j)X 2 1 = X 2 AiX-\ 

It is easy to show that X2A1X2 1 ^ SU(2,1) for generic element A{. Since 
Pi is Zariski dense, we may assume that X2A1X2 1 ^ SU(2, 1) by choosing 
generators a and j3 properly. 

Hence X% 7^ 7^ X 2 . Then it is easy to show that X3 7^ 7^ X4. 

Since p\ is a Zariski dense representation, we can choose A\ and A 2 arbi- 
trarily independent by choosing a different generators. Then for X\ and X 2 , 
there are at most 18 complex parameters (indeed from XiJ^X* = Jq there 
are less parameters than 18), whereas from Equations ([6j) and (|7|) there are 
at least 9x4 complex equations. This forces that there are no solutions. ■ 

Proposition 3.8. The dimension of the component of the representation 
variety of representations from the fundamental group of the figure 8 knot 
complement to PSp(2,l), containing p$, which cannot be conjugate into 
PSp(l, 1), is 3 up to conjugacy. 

Proof: We claim that there are 10 parameters to choose two tetrahedra. 
Put one tetrahedron in a standard position 

pi = 00, p 2 = 0,qi = (l,ia),q 2 = (z,t). 

There is one degree of freedom for q\ up to PSp(2, 1) (corresponding to 
Cartan angular invariant, or more concretely corresponding to a £ 1). But 
there is one parameter family of isometries fixing px,p 2 , qi by Lemma [2. 11 So 
there are 6 degrees of freedom for c/2 (since the dimension of the boundary of 
-f/jj is 7), which makes 7 degrees of freedom to choose the first tetrahedron. 
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Once the first tetrahedron is chosen, three vertices of the second tetrahe- 
dron are determined by its angular invariant according to the gluing pattern. 
To choose the last vertex for the second tetrahedron, it is connected to three 
vertices to form three different faces, so their angular invariants are already 
determined in the first tetrahedron by gluing pattern. Hence there are 6 — 3 
degrees of freedom to choose the last vertex for the second tetrahedron. In 
conclusion there are total 7 + 3 degrees of freedom to choose two tetrahedra. 
Note that our parameters are written in terms of (l,ia), (z,t) for the first 
tetrahedron, and (l,ib), (w, s) for the second, so the parameters are in 10 
dimensional subspace ofMxMxixHx x QfH. 

By the previous Lemma f3.4l a holonomy Hi around an edge being identity 
gives 7 equations. So we have 10 variables with 7 real equations. Note that 
Hi is the product of elements in PSp{2, 1) which can be written in terms 
of (1, ia), (z, t), (1, ib), (w, s) but H\ can be written as above in terms of 
r € R + , /x, v 6 Sp(l) C H. So Hi = id produces 7 independent equations in 
terms of (1, ia), (z, t), (1, ib), (w, s). Since the dimension of the variety into 
PU(2, 1) is already 3 and two non-conjugate Zariski dense representations 
in PU{2, 1) cannot be conjugate by an element in PSp{2, 1) by Lemma 13.71 
the dimension of the variety into PSp(2, 1) should be also 3. This shows 
that every representation in PSp(2, 1) around po is conjugate into PU(2, 1). 
So there is no deformation. ■ 

We suspect that this component containing a discrete representation po with 
purely parabolic holonomy for a peripheral group in PU{2, 1) is disjoint from 
the component containing the holonomy representation of the complete real 
hyperbolic structure in PSp{l, 1) in the representation variety in PSp{2, 1). 

4. Parameters for the character variety in PU{2, 1) near p 

We showed that the dimension of the character variety from the funda- 
mental group r of the figure eight knot complement to PU{2, 1) near [po] 
is 3. In this section we parameterize this space using angular invariants. 
We use the notations of Proposition 13.61 To parameterize the two ideal 
tetrahedra, we used five points 

pi =oo,p 2 = 0,qi = {l,t),q 2 = (z,s),q 3 = (w,r) 

where z, w £ C, t, s, r E ImC From A(g2, Qi,Pi) = ^(<l3,P2,Pi), we had 

r s + z — z — t 
\w\ 2 \z — 1| 2 

A direct calculation shows that from h(qi,p2,pi) = K(q2,P2-,qz) we have 

, 1 — t. ,{\z\ 2 — s)(\w\ 2 + r)(\w — z\ 2 — r — wz + zw + s) . 
argC-g-) = arg( ). 

Hence there were 5 independent parameters out of t, s, z, w, r to parameterize 
two ideal tetrahedra according to the gluing pattern. Finally the holonomy 
equation around the edge {pi,p 2 ) gave two more real equations, hence the 
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real dimension of the character variety around [po] is 3. Here we give these 
3 parameters in terms of Cartan angular invariants. 

Proposition 4.1. The character variety x(I\ PU(2, 1)) around [po] is pa- 
rameterized by three angular invariants A(pi,p2,qj), j = 1,2,3. 

Proof: Since A(qs,p2,pi) = A(q2, qi,pi), knowing three angular invari- 
ants A(pi,p2,qj), j = 1,2,3 will completely determine the angular invari- 
ants of the first tetrahedron by cocycle relation (|3|). The angular invari- 
ants A(pi,p2, qj), j = 1,2,3 are functions of only t,z,s. Gluing maps 
91:92,93 relates variable t,z,s to the variable w,r. Hence the holonomy 
map g^[ l g^g^ 1 9i9^ 1 relates t, z, s variable to w, r. In other words, holonomy 
map does not create any relation among t,z,s. This shows that three an- 
gular invariants A(p\,p2,qj), j = 1,2,3 are independent. Hence these three 
parameters are parametrization of the character variety around [po]. ■ 

In [3] , it is shown that the coordinates of tetrahedra corresponding to po are 

pi = oo,p 2 = 0,qi = (l,V3),q 4 = ( ^—^ ,Vs),q 3 = ( 1 ^ V ^ ,v / 3) 

and 

7T 

Mpi,P2,qj) = g, j = 1,2,3. 

Hence in our coordinates [po] = (f , § , § ). 
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